We review the stamp folding problem, the number of ways to fold a strip of n stamps, and the related problem of enumerating meander configurations. The study of equivalence classes of foldings and meanders under symmetries allows to characterize and enumerate folding and meander shapes. We describe symmetric foldings and meanders, and we give formulas relating folding and meander sequences. We then use these relations to compute extended tables for these sequences.
Introduction
How many ways are there to fold a strip of n stamps? Lucas [14] stated the problem in 1891, quoting Emile Lemoine for suggesting it. Since then, though a large number of terms of the folding sequences have been computed, no closed formula has been found.
In the 1930's Sainte-Lagüe [18] listed the terms of t(n) -the number of foldings of n labeled stamps -up to n = 10, describing how to reduce the computation. In 1950, Touchard [23] introduced several interesting ideas, though not leading to a solution.
The year 1968 sees two major advances by Lunnon [15] and Koehler [10] . Lunnon computed the values of t(n)/2n up to n = 24 using a backtracking algorithm searching exhaustively for the foldings. He conjectured that the growth rate of the sequence is 3 1 2 . The approach of Koehler was different. He related the enumeration of the nfoldings to the enumeration of patterns of chords joining n points on a circle. These patterns involve the Catalan numbers. Koehler also computed the number b(n) of foldings of n blank stamps up to n = 16, using a computer program.
Sloane chose the 5 foldings of 4 blank stamps as the illustration for the front cover of the book [20] , the ancestor of the On-line Encyclopedia of Integer Sequences [22] which contains several sequences concerning foldings and meanders [21] .
A fascinating appearance of the problem is the study of Phillips [16] . A category of mazes -simple alternating transit mazes, of which the Cretan maze circa 604 BC is the oldest instance -can be enumerated by the same sequence as the blank stamps foldings.
In relation with differential geometry, Arnold [2] introduced the meanders, which resemble the foldings. After the pioneering work of Lando and Zvonkin [11, 12] , more recent studies mostly focus on meanders (e.g., [5, 7, 6, 1] ). In 2000, Jensen [7] could compute meandric numbers by not searching for all meanders. In this way, the terms of r(n) = t(n)/n, the number of stamp foldings with leaf 1 on top (a generalization of meanders, the semi-meanders), were extended up to n = 45. More recently, Sawada and Li [19] describe a general algorithm to enumerate meander and folding patterns.
In this study, we review the various instances of foldings and meanders configurations, and describe their relations. Special interest is given to symmetry classes of folding and meander patterns, and to symmetric patterns. We provide formulas relating folding and meander sequences, allowing to compute extended tables for these sequences. The point of view of foldings -of which the meanders are a subclassis revived.
Labeled stamps foldings
It is assumed that the stamps are labeled 1, . . . , n, consecutively along the unfolded strip. The strip is folded into a stack one stamp wide and n stamps tall (see Fig. 1 , where the horizontal segments represent the stamps, whereas the vertical segments represent the perforations). Stamps are numbered the same on both sides, so that it does not matter which side is up in the final packet.
Let T n denote the set of distinct foldings of n stamps, where we regard two foldings to be the same whenever they are reflections of one another over a vertical line (the stamps being stacked up as in Fig. 1) . A related problem considers unlabeled or blank stamps (next section).
Any folding can be represented by a permutation by listing the labels of the stamps from top to bottom (Fig. 1 ). In the sequel we identify a folding with its associated element in the set of permutations S n , so that a permutation pertaining to a folding is called a folding. For example, the permutation (1324) is not a folding because a crossing occurs. Lemma 2.1 (Koehler [10] ). An n-permutation p is a folding if and only if the circular order
does not occur when i and j are either both odd or both even. By circular order it is meant any circular permutation of the inequalities above.
Proof. The lemma relies on the following observation, which is shown by induction: in the representation of a stamp folding (Fig. 1) , the vertical segments on the left represent the perforations between the stamps labeled 2i and 2i + 1, whereas the vertical segments on the right represent the perforations between the stamps labeled 2i − 1 and 2i.
Proposition 2.2 (Sainte-Lagüe [18] ). The set T n of foldings of n labeled stamps can be partioned into r(n) disjoint orbits of size n under the action of the circular permutation C = (23 · · · n1). The set R n , the n-foldings (1 · · · ) with leaf 1 on top, is a set of representatives of the orbits of C in T n . Hence, the number of elements of
Proof. By Lemma 2.1, the condition characterizing permutations that are foldings is preserved under circular permutation. In fact, each row of Fig. 1 gives a visual argument that if f is a folding then so is its image f C under the circular permutation C. As C n = 1, each orbit contains n elements. Moreover, each orbit contains exactly one folding with leaf 1 on top, and these foldings are distinct. According to Proposition 2.2, T n is stable under the circular permutation. Lemma 2.1 shows that this is also the case of its complement S n − T n : if p is a permutation that is not a folding then p C is not a folding either. The set R n can be constructed inductively using a tree n levels deep (Fig. 2) . The root of the tree (level 1) is the folding constituted of a single leaf. Level n of the tree describes R n and comprises r(n) nodes. To each folding (node) f ∈ R n at level n, a leaf labeled n + 1 is appended to leaf n. The new leaf is inserted in any possible position with the constraint that leaf 1 must stay on top, leading to all descendant nodes of f .
As apparent in Fig. 2 , below level 2, the tree is made of two topologically identical subtrees. The reason is that if (1ab · · · yz) is a folding then so is the reversed (1zy · · · ba). Each folding (1 · · · 2 · · · 3 · · · ) in the left subtree is uniquely associated with a folding (1 · · · 3 · · · 2 · · · ) in the right subtree. Hence, for n > 2, r(n) is even. Figure 2 : The tree describing the sets R n for n = 1, . . . , 5. At a given level of the tree, each folding in the left subtree can be paired uniquely with a folding in the right subtree by keeping leaf 1 in place and 'rotating' the leaves around leaf 2.
The algorithm of Lunnon [15] lists the foldings (1 · · · 2 · · · 3 · · · ) using a depth first search. The algorithm explicitly looks for all positions where to insert the new leaf, keeping leaf 1 on top.
Blank stamps foldings
When the stamps are not labeled (blank stamps), we have to distinguish the foldings according to their shapes. For example, in the first row of Fig. 1 , the second and fourth labeled stamps foldings have the same shape (one is the reflection of the other over an horizontal line), whereas the first and third foldings have distinct shapes. In the second row of this figure, the first and third foldings have the same shape, but their labels are in reverse order. Thus, labeled stamps foldings correspond to distinct permutations in S n , but may have the same shape, up to symmetry.
We define the n-folding shapes as the equivalence classes of the set T n of foldings of n labeled stamps under the action of two maps on the set of permutations S n , the reverse map r and the complement map c. For p ∈ S n , the reverse map r reverses the entries of p: p r (i) = p(n + 1 − i) for i = 1, . . . , n. This corresponds to the reflection of a folding over an horizontal line. Hence, if f is a folding, f r is a folding with the same shape as f . The complement map c is defined by p c (i) = n + 1 − p(i) for i = 1, . . . , n, and corresponds to label reversal. If f is a folding, f c is a folding with the same shape as f , but traversed from top to bottom in the reverse order n, . . . , 1 of the labels.
The reverse and complement maps r and c satisfy r 2 = c 2 = 1, rc = cr, so that they generate a group of 4 elements operating on S n , G = {1, r, c, rc}. Also, if x is a map on S n and f x has the same shape as f , it can be shown that x ∈ G. The folding shapes are thus the equivalence classes of T n under the action of G.
We adopt the following definition (Egge [4] ):
Definition 3.1. A permutation is symmetric if it is invariant under the reversecomplement map rc.
Let us check that a folding f that is symmetric as a permutation has a (top-bottom) symmetric shape. Indeed, if f rc = f , we have f c = f r . This means that the reversed shape f r is identical to the (not reversed) shape f c obtained by traversing the folding in the reverse order of the labels. Since f c has the same shape as f , the shape of f is symmetric. For n = 2p + 1 odd, a symmetric folding f has leaf p + 1 in central position, f (p + 1) = p + 1. 
Moreover, z(n) is even, and for n = 2p even,
Proof. We have seen that for f ∈ T n , f x is a folding with the same shape as f if and only if x ∈ G. In T n , there are either 4 distinct foldings with the same shape (f , f r , f c , and f rc ) or only 2 distinct foldings with the same shape (f and f r = f c ) when f is symmetric (Fig. 7) . Consequently, the number of distinct shapes is
and we also know that z(n) is even. Relation (3.2) comes from the fact that for n = 2p, any symmetric 2p-folding is uniquely associated with a (p + 1)-folding of R p+1 (Fig. 4) .
From the proof of Proposition 3.2, we understand that z(n)/2 is the number of symmetric foldings of n blank stamps. For n = 2p even, the shapes of the symmetric foldings are 2-copies of those of R p+1 , in number z(2p) 2 = r(p + 1). For n = 2p + 1 odd, the shapes of the symmetric foldings are more intricate. The number of symmetric foldings of 2p + 1 blank stamps is
The corresponding set can be constructed inductively using a tree (Fig. 5) , as for the set R n of foldings of n labeled stamps with leaf 1 on top. At each stage of the process, two leaves are appended to the free ends of the folding. The new leaves are inserted symmetrically in any possible position.
Leaf in -leaf out
We have seen that T n is stable under the action of the circular permutation C. This suggests to consider the set S n of permutations on n symbols generated by cyclic shift, containing T n as a subset. The cyclic shift is a map generating S i from S i−1 by adding a symbol to the left of a permutation of S i−1 and circularly permuting the symbols [9] [13].
Definition 4.1. In T n we distinguish the foldings with leaf n out, where the leaf points directly to the exterior (e.g., the second folding in the first row of Fig. 1 ), forming T o n , and the foldings with leaf n in, where the leaf is in inner position (e.g., the third folding in the first row of Fig. 1 
Proposition 4.2. Let t o (n) denote the number of foldings of T n with leaf n out, t i (n) the number of foldings with leaf n in, then
Proof. To a folding f ∈ T o n−1 , since leaf n − 1 points to the exterior, a leaf n can be appended to this leaf at the bottom of the folding, producing an n-folding f . Circular permutations of f are also foldings, so that from f the cyclic shift generates n foldings. If f ∈ T i n−1 , since leaf n − 1 points to the interior, appending a leaf n to this leaf produces a crossing. In this case, the permutations generated from f by the cyclic shift are not foldings. As the cyclic shift generates all permutations of S n from S n−1 , we obtain all foldings of T n from T o n−1 uniquely. This gives the second equality in (4.1). Expanding the recurrence, and using t(1) = 1, we obtain
From (4.1), we have
The sum gives the number of n-permutations that are not foldings. More precisely, from any folding in T i n−j−1 ⊂ S n−j−1 , successive applications of the cyclic shift generate n(n − 1) · · · (n − j) permutations of S n that are not foldings. Hence, all permutations of S n that are not foldings are generated by cyclic shift from the foldings of S 3 , . . . , S n−1 with the last leaf in (noting that t i (1) = t i (2) = 0, Table 1 ). The formula can be rewritten Table 1 : The number of foldings of n labeled stamps with leaf 1, n in or out (note that t o (n) = r(n + 1) by (2.1) and (4.1)).
Meanders
A meander of order n is a simple oriented curve in the plane transversally intersecting a line at n points. The line can be considered as a road traveling from W to E, and the meander as a river flowing from SW to E (NE for odd n, SE for even n), and going through n bridges across the road (Fig. 6 ). The number of meanders of order n is denoted m(n). Any meander can be viewed as a folding but the converse is not true. The first folding in the second row of Fig. 1 is not a meander because leaf n points inward. A semi-meander is a generalization of a meander where one of the end points is allowed to be wound inside the river. Semi-meanders are in one-to-one correspondance with foldings (1 · · · ) of n+1 labeled stamps, in number r(n+1) [5] . If both ends of the river are allowed to wound up inside itself, then we obtain a stamp folding [19] . In fact, the next proposition shows that the set of meanders of order n is almost identical to the set T oo n of stamp foldings whose both ends are out. The slight difference comes from the fact that a meander is oriented while a folding is not.
Like for foldings, permutations are associated with meanders (by listing the bridges). A permutation representing a meander is also called a meander.
Proposition 5.1. The number of meanders is
where t oo (n) is the number of n-foldings with both ends out. Moreover,
where r o (n + 1) is the number of (n + 1)-foldings (1 · · · ) with leaf n + 1 out.
Proof. For n = 2p − 1 odd, there is a bijective correspondance between meanders and foldings with both ends out. For n = 2p even, the image g r of a meander g under the reverse map r is not a meander, because the river does not travel SW-SE in this case, but in the reverse direction (Fig. 7) . However, g r is a folding. Hence 2 foldings of T oo n , g and g r , correspond to a single meander, g. To show (5.3), let us consider an (n + 1)-folding (1 · · · ) that has leaf 1 on top and leaf n + 1 out. If leaf 1 is deleted, leaf 2 is now out, so that both ends are out. The resulting n-folding is an n-meander.
Meander shapes
In the same way that blank stamps foldings describe the various shapes of labeled stamps foldings, the meander shapes are defined as the equivalence classes of meanders under the reverse and complement maps r and c. As seen in the previous section, one has to distinguish n odd and n even. Fig. 7 illustrates the following points. For n even, two meanders are equivalent if one is the image of the other under the reverse-complement map rc, a reflection in the Y axis (map r) together with a relabeling of the bridges reversing the orientation (map c). For n odd, two meanders are equivalent if one is the image of the other under the map r, a reflection in the Y axis, or the complement map c, an orientation reversal along the X axis. As for foldings, a meander is symmetric if it is invariant under the reverse-complement map rc. Proof. For n = 2p even, if g is a meander, neither g r nor g c is a meander (Fig. 7) . However, g rc is a meander, which is identical to g if and only if g is symmetric. Hence, in each equivalence class, there are either 2 elements, or 1 element if g is symmetric. Let q(n) denote the number of symmetric n-meanders. Then,
Proposition 6.1. The number of meander shapes is
Symmetric 2p-meanders are the concatenation of two p-meanders, so that q(2p) = m(p), giving (6.1). For n = 2p + 1 odd, there are either 4 or 2 elements in each equivalence class, the later case occuring for symmetric meanders. We have 
Asymptotics
By Fekete's lemma [24] , if a sequence x verifies
then the growth rate of the sequence, λ = lim n→∞ x(n) 1 n , exists. The sequence r of labeled foldings with leaf 1 on top and the sequence k of symmetric foldings with an odd number of leaves satisfy (7.1), and hence have a growth rate. The reason is that any p-folding can be concatenated with any qfolding to produce a (p + q)-folding. This is shown for the symmetric foldings in Fig. 4 .
It is generally believed [12, 5, 3, 8] , that folding and meander sequences satisfy asymptotic relations of the form
with the exponent α, and K a constant. In this case, we have
By (2.1), the sequence t of labeled foldings and the sequence r have the same growth rate λ (with different exponents α). The sequence b of folding shapes also has the growth rate λ by Proposition 3.2, and so is most probably the case for the sequence k of symmetric foldings (Fig. 8) . From Table 2 It is believed that the meander sequences of odd and even terms of m have the growth rate λ 2 [5, 8] . These sequences involve different constants K 1 and K 2 . In Fig. 9 , approximations of
λ are displayed alternatively, and this explains the non decaying oscillations. The same pattern holds for the sequence a of meander shapes by Proposition 6.1. The sequence k o of symmetric meander shapes also probably has the growth rate λ (Fig. 9) . So it seems that all folding and meander sequences studied here have the same growth rate, conjectured to be λ = 3 1 2 [15] . This value is compatible with theoretical bounds [17, 1] as well as with numerical estimations [8] . 
